Abstract. The non-perturbative general relativistic approach to global astrometry introduced by de Felice et al. (1998) is here extended to account for the star motions on the Schwarzschild celestial sphere. A new expression of the observables, i.e. angular distances among stars, is provided, which takes into account the effects of parallax and proper motions. This dynamical model is then tested on an end-to-end simulation of the global astrometry mission GAIA. The results confirm the findings of our earlier work, which applied to the case of a static (angular coordinates only) sphere. In particular, measurements of large arcs among stars (each measurement good to ∼100 µarcsec, as expected for V ∼ 17 mag stars) repeated over an observing period comparable to the mission lifetime foreseen for GAIA, can be modeled to yield estimates of positions, parallaxes, and annual proper motions good to ∼15 µarcsec. This second round of experiments confirms, within the limitations of the simulation and the assumptions of the current relativistic model, that the space-born global astrometry initiated with Hipparcos can be pushed down to the 10 −5 arcsec accuracy level proposed with the GAIA mission. Finally, the simplified case we have solved can be used as reference for testing the limiting behavior of more realistic models as they become available.
Introduction
In a recent paper (de Felice et al. 1998 ) (Paper I from now on) a non-perturbative approach was developed to perform satellite astrometry in a general relativistic framework. We considered a background space-time geometry given by the Schwarzschild metric and modeled a static sphere centered at the Sun, i.e., stellar positions were defined by azimuths and colatitudes, only. This investigation into non-perturbative methods was stimulated by the high accuracy which can be reached by the forthcoming astrometric space-missions, for example GAIA, which is expected to measure positions, parallaxes and annual proper motions to better than 10 µarcsec for stars brighter than V ∼ 15 mag. Non perturbative methods can, at least in principle, take into account the general relativistic effects with an approximation as high as is needed.
In this article, we complete the work we presented in Paper I by extending it to a dynamical simulation, in order to build a relativistic model which allows for the determination of parallaxes and proper motions. We use the same mathematical setup of Paper I.
Greek indices run from 0 to 3; subscript "i" marks a stellar position and the metric signature is taken +2; repeated indeces are to be summed over their range of values.
Mathematical preliminaries
We consider a mathematical model which consists of an astrometric satellite (the observer) orbiting on a spatially circular geodesic around the Sun. The latter is assumed non rotating, spherically symmetric and therefore generating a Schwarzschild space-time metric. As in Paper I, we neglect the contribution of the Earth and the other solar-system planets to the background geometry. Under these conditions, the center of the Sun coincides with the barycenter of the satellite-Sun system. Also, the spacetime metric in polar coordinates is given by where the colatitude θ ∈ [0, π] , the azimuth φ ∈ [0, 2π] and the polar distance r ∈]0, ∞[; r g ≡ 2GM /c 2 is the gravitational radius of the Sun and M its mass (in conventional units). The observer's trajectory in the θ = π/2 plane is given by the four-vector
where δ β α is the Kronecker delta, and
is the normalization factor (i.e., u α u α = −1), Ω = ±(M/r 3 ) 1/2 is the Keplerian angular velocity with respect to an observer at infinity and in units of (length)
2 ). A basic observable in astrometry is the angle between two stars. The cosine of such an angle is given by (Brumberg 1991) :
where k α 1 and k α 2 are the components of the tangents to the null geodesics of the photons emitted by the two stars, and h αβ = g αβ + u α u β is a tensor which projects in the rest frame of the observer. The components of the null geodesics in the space-time defined by Eq. (1) are
where E ph is the photon's total energy in units of c 2 , L ph and l ph are respectively the total and the azimuthal angular momenta of the photons in units of c.
From Eqs. (1) and (5), and denoting Λ ≡ L/E and λ ≡ l/E, Eq. (4) has the general form
where Ψ is given by Eqs. (6) and (7) of Paper I (see also Appendix A of that paper). The linearized form of the observation Eq. (6) is then
where
The position of the observer is fixed once the radius of the orbit and the azimuthal angle φ o of the event of observation are given; the latter can be taken equal to zero, say, while the choice of the observer in the equatorial plane implies θ o = π/2. The coordinate positions of the stars do not explicitly appear in Eqs. (6) and (7) since they are hidden in the constants of motion. However, the integration of the equations of motion (5) coupled with the observation Eq. (6), lead to relations which ultimately allow one to determine the unknown stellar positions.
The inclusion of parallax
In the simulation of a static sphere, the equations of motion of the photons were integrated assuming that distances from the Sun were infinitely large. In order to take into account finite coordinate distances to stars, we simply limit the integration of the radial equation accordingly. Therefore, we have
where (r, θ, φ) specify the coordinate position of a star whose photons are received by the observer at (
The constant of motion Λ can be expressed in terms of the distance, r c , of the point of closest approach of the photon's trajectory to the Sun. At such point k r = 0 and therefore
The plot of the function w 2 (r c ) has a minimum at r c = 3M . As the radius of the Sun R is much bigger than 3M , in practice only two cases need to be considered: r c > R and r c ≤ R .
For r c > R , there are no restrictions to the access of directions on the sky, as the emitted photons can always reach the observer regardless of the relative location of the Sun. In this case the integration of Eqs. (8) and (9) yields relations of the type
For r c ≤ R , the only meaningful cases are those with the satellite-based observer between the Sun and the star. In this configuration only two relations are used, i.e.
Functions g(θ, φ; φ o ), h(θ, φ; φ o ) and w(r c ) are unchanged from Paper I (see Appendix A there), while z(r, r c ) andz(r, Λ) now read
We use the expression p ≡ r o /r to define the coordinate parallax, and transform Eqs. (11) through (14) accordingly. In our model, r o is the distance of the observer to the Sun, and if r o = 1 AU, the above definition is close to the one used in classical astrometry (p = sin
With this substitution, the functions z(r, r c ) and z(r, Λ) in (11) and (12) are replaced by the following expressions:
Then, the differential observation Eq. (7) can be cast into a form containing the differentials of the astrometric quantities θ, φ, and p by means of the expressions:
dλ = α λ dθ + β λ dφ + γ λ dp.
Let us consider the cases of Eqs. (11) and (12) separately:
• r c > R -A variation in angular position implies a variation of λ and Λ. This, in turn, implies a variation of r c from Eq. (10). After some algebra, we derive the following coefficients:
∂f ∂r c
−1 ∂g ∂φ (20)
The partial derivatives of f which enter Eqs. (17) and (18) differ from their analogues in Paper I (see Appendix A of that paper) and read:
• r c ≤ R -Following the same arguments as before we obtain the new coefficients:
∂g ∂θ
where the following expressions differ from the analogue relations used for the static case:
Mathematical description of stellar motion
The motion of a distant star can be formally described by considering its Schwarzschild coordinates functions of coordinate time. Replacing these functions with their Taylor expansions, one has
where we made use of the definition of coordinate parallax, 
, µ θ , and µ φ can be interpreted as the corresponding quantities of classical astrometry.
The effects of a variable coordinate parallax on our relativistic model are fully taken into account by a) inserting the expression for p(t) in Eqs. (27), truncated to the required order, in the formulas derived in the previous section and defining the coefficients γ Λ and γ λ in Eqs. (17) and (18), and by b) substituting the variation of the coordinate parallax p(t), i.e. δp(t) = δp(t 0 ) + δṗ × (t − t 0 ) + 0.5 δp × (t − t 0 ) 2 + ..., again in Eqs. (17) and (18) 1 . Similar considerations hold for the angular quantities in Eqs. (27), i.e., the relativistic model can be specialized to take into account the time variability of the angular coordinates with no restrictions on which terms of their Taylor expansion can be included. The choice of which terms to include will depend not only on the distance to the objects and how fast they move on the Schwarzschild sphere, as it would be for single stars, but also on their nature (binary, variable, presence of unseen low-mass companions, etc.). In this article all of our objects are assumed single stars, i.e., point like sources of constant luminosity 2 . For simplicity, we decided to adopt the basic model
and in the remainder of this section we briefly discuss the implications of this choice.
In principle, it is possible to deduce all of the components of stellar velocity by utilizing astrometric measurements only. In particular, the radial velocity of a star affects both its distance (i.e., parallax, see the expression forṗ given above) and its angular (i.e., proper) motion; therefore, it is necessary to evaluate whether such effects need to be included in the model. Straightforward calculations show that a ∆p of ∼10 µarcsec in 5 years, which we can assume as representative of the minimum variation measurable by a GAIA-like mission, requires a radial velocity of V r ∼ 1.8 × 10 4 km s −1 at a distance of 100 pc. Therefore, this is probably a negligible effect for the great majority of the potential targets.
The annual proper motion variation (in arcsec/yr 2 ) induced by stellar radial velocity, in astrometric jargon perspective acceleration (or foreshortening term), is estimated by the expressioṅ Green 1985; Bucciarelli et al. 1995) , where p is given in arcsec, V r and V t (the tangential velocity) in Km s −1 , and sin 1 is the conversion factor from arcsec to radians. For example, a star with V r = V t = 100 Km s −1 at a distance of > ∼ 80 pc will have a displacement < ∼ 10 µarcsec after 5 years.
Another effect induced by V r (∝ṗ) is an apparent place effect, since it represents the change in the star position as seen from Earth. The yearly angular variation amounts to approximately
where p is given in radians, V r in AU/yr, and u is the angle between the observer and the star as seen from the Sun 3 . Using the same value of the radial velocity as before (which corresponds to ∼15 AU/yr), this term will add less than ∼1 µarcsec to the 5-year positional change of all targets beyond ∼20 pc; therefore, it appears negligible in virtually all cases.
From the above considerations, the choice of model (28) appears appropriate for describing the effects of stellar motions for the large majority of the single stars accessible to GAIA. Nonetheless, for a non-negligible fraction of stars in the solar neighborhood, higher order terms will have to be introduced thus providing estimates of astrometric radial velocities.
The inclusion of proper motion
The addition of the two components of proper motion to our unknowns is rather straightforward, the difference being the integration limits in Eqs. (8) and (9) are now functions of coordinate time, θ(t) and φ(t).
The system of Eqs. (12) in Paper I (with the inclusion of the parallax as shown in the previous section) becomes
System (29) is formally identical to Eqs. (11) except for the time dependence which allows for inclusion of proper motion as a correction term in a Taylor expansion of the corresponding angular coordinate. Then the differential relations between the constants of motion Λ and λ, and the unknowns will be formally the same as in (17) and (18), that is
Since it is
we finally obtain
The coefficients of the linearized condition Eq. (32) are calculated using the catalog values of the relevant quantities. The adjustments δθ(t 0 ), δφ(t 0 ), δp(t 0 ), δµ θ , and δµ φ represent the unknown quantities needed to bring the catalog values closer to the true ones. Finally, sin ψ δψ is the linearized form of the GAIA observation; again, the numerical values for sin ψ are derived from the catalog values, whereas δψ is the difference between the angular distance measured by the satellite (which is within 100 µarcsec of the true distance) and the corresponding catalog-derived quantity.
Although the proper motion listed in our simulated catalog is the variation of the stellar coordinates with respect to the coordinate time, in the simulation we have to refer to the satellite proper-time τ . The latter therefore has to be converted into coordinate time in order to compute the correct stellar position.
The relation between coordinate time and proper-time of the orbiting observer is given by
Here we have always assumed τ = 0 for t = 0, so that
End-to-end simulation
The simulation of the dynamical case follows the same three-step procedure utilized for the static one, with the appropriate changes due to the inclusion of the new variables, parallax and proper motions. First, we generate the set of true quantities, which define initial location and temporal evolution of the stellar positions on the relativistic (Schwarzschild) sphere, according to the basic model (i.e., Eq. (28)).
Stars are generated within a uniform density sphere of 500 pc centered on the Sun (i.e., p ≥ 2 mas), the individual proper motions are computed assuming a linear velocity dispersion of σ v = 15 km s −1 , while radial velocity has been neglected. The distribution and kinematics of the resulting sample of simulated stars is not representative of the motions of the corresponding (relatively) small portion of the actual Galaxy. Neverthless, the adopted values are adequate, within the scope of this work, for the generation of realistic angular motions. The corresponding catalog values are generated, as usual, by adding suitable root-mean-square (rms) errors to the true values (see Table 1 ) Next, we find the stellar pairs which can be observed by a satellite that sweeps the sky following a Hipparcoslike scanning law. The result of these two steps is the generation of the measured quantity, − sin ψ(t)δψ, and of the coefficients in Eq. (32) for the construction of the linearized condition equations for all of the observed pairs. Finally, the least-squares solution of the system is found by means of a conjugate-gradient method, suitable for large and sparse matrices like ours, and the adjustment errors are directly computed by comparison to the true values.
In Table 1 , the values of the parameters in common with the static simulation are unchanged from those adopted in Paper I; this to keep maximum consistency with the static treatment, albeit GAIA's baseline configuration has changed in the meantime (see next section). Table 2 shows the typical results of the simulation of 5 different classes of the dynamical model. The mission is always started at t = −T /2, while its length varies from 2 to 5 years. The catalog reference (mean) time is always at half the mission lifetime (t = T /2), which provides the most accurate positions, while the correlation between position and proper motion is minimized (Eichhorn 1969; Mignard et al. 1985) . Figures 1-5 show the results for the 5-year-period case. Plotted are the true errors (i.e., the individual differences between estimated and true values) of the five astrometric parameters considered versus co-latitude. Table 2 . Results of a set of simulations with T = 2 to 5 years and t0 = −T /2. Columns labelled with "n.it." and "n obs " are the number of iterations needed for convergence (5000 was the maximum number of iterations allowed) and the number of arcs observed during the simulation, respectively; Q is the equations-to-unknowns ratio, and δx and σ δx refer to the mean and standard deviation of the true errors of the least-squares solution for the variable x. • and 137
Results and discussion
• . This is where the number of connections (observations) per stars peaks as a result of the particular sky coverage startegy simulated.
Similarly to the static solutions, the errors reach their minimum values near colatitudes 43
• and 137
• , where the number of connections (observations) per star peaks as a result of the sky coverage imposed by the sky scanning Table 2 ) and σ oss = 100 µarcsec, for the average measurement error. This is true for all but the simulation with T = 2 year, for which the proper motion errors are ∼2 times larger than the expected value of ∼30 µarcsec. This suggests that the 5-parameter dynamical model becomes inadequate as the relatively short time baseline makes it difficult to disentangle the secular (proper motion) component of stellar motions from the quadratic (parallax) one. Experiments run with T = 1.5 year and T = 1 year failed to produce meaningful solutions. Therefore, it appears that a fully dynamical solution has to wait for ∼2 years of uninterrupted observations before being attempted, a result consistent with earlier findings from preparatory studies for the Hipparcos mission.
Consistent with the results presented in Paper I is also the finding that the error in longitude is larger than that in latitude. This is again an effect of the scanning law, and theoretical predictions (Betti & Sansò 1985) anticipates σ sin θ δφ /σ δθ ∼ 1.6. This value compares well with the ratio of 1.4 derived from the results of the 5-yearmission case in Table 2 . Notice that the effect is significantly less pronounced ( 1.2) for the two components of proper motion.
Rank deficiency
With the addition of the kinematical parameters the rank deficiency of the design matrix of the observation equations increases. For a classical sphere model (as in Hipparcos) the design matrix has a rank deficiency of 6, twice that of the static case (Paper I). In our case, rank deficiency is probably less, as the formulation of the relativistic model requires to specify the trajectory of the observer, i.e., a circular orbit in the plane θ o = π/2. Nevertheless, the numerical method we used for solving the system of equations can deal with rank deficient matrices without the addition of external constraints otherwise necessary to find the least-squares solution among the infinite possible ones, i.e., to lock the solution in a given system of coordinates (see discussion in Paper I). To investigate the statistical properties of the unconstrained solutions, we ran the 5-year case with different sets of constraint equations. The generic form of any of such equations (each added to the system of equations with "infinite" weight) is
where δ(unk) is the correction to any of the unknowns δθ, δφ, δµ θ , and δµ φ 4 . In this form, the constraint equations fix the values of the astrometric parameters of selected stars to their true values (unk(true)), which are always available in a simulation. Therefore, compensation for rank deficiency is done through the best possible information. Up to 6 of such equations are used, in which case 4 of them are relative to one star and the remaining 2 are for a second star suitably located on the Schwarzschild sphere. The results show that the errors of the constrained solutions are indistinguishable from those in Table 2 . The same conclusion holds for the average values of the true errors δθ , δφ, sin θ , δµ θ , and δµ φ , sin θ of the constrained solutions, they all have the sub-µarcsec values of the corresponding quantities in Table 2 . This, in turn, suggests that the coordinate frame of the reconstructed spheres were always close to the Schwarzschild sphere defined by the true coordinates.
Issues related to rank deficiency of the GAIA sphere will have to be addressed in detail once a more advanced relativistic model 5 becomes available.
Catalog errors
A set of experiments was devoted to investigating the effect of increasing catalog errors on the sphere solutions.
The true values of positions, parallax, and proper motions were degraded with different catalog errors in the range 1÷1200 mas (or mas/yr). As usual, the quality of the adjusted parameters of any of the solutions was gauged by calculating mean and standard deviation of the corresponding true errors. The solutions corresponding to catalog errors from 1 to 5 mas do not show appreciable differences. Then, the standard deviations begin to increase monotonically, but the numbers remain below 10% of the best value for catalog errors of up to 200 mas. The mean values do not manifest a similar monotonic increase, and stay stationary at 1-2 µarcsec
Compliance with the GAIA baseline mission
As mentioned in the previous section, GAIA's baseline payload has changed significantly since Paper I. The two features of the new baseline payload (Gilmore et al. 1998) of relevance to this study are: a) only two viewing directions are retained (instead of three), and b) the astrometric performance has significantly improved. With only two field-of-views the number of observed angular distances is reduced to ∼50% of the original value. Also, better astrometric performance means that the 100-µarcsec measurement error simulated now applies to stellar pairs fainter than before, i.e., pairs with equal brightness components of 17th magnitude in V (see for example Table 1 in Lattanzi et al. 2000) . In this context, the results shown in Table 2 are expected to exceed those predicted for the baseline mission at V = 17 mag.
To verify on this, we ran a five-year simulation similar to the corresponding case in Table 2 , but with only two viewing directions (separated by a 54
• angle); the results were (σ δθ , σ sin θ δφ , σ δp ) ∼ (15, 25, 28) µarcsec, and (σ δµ θ , σ sin θ δµ φ ) ∼ (11, 13) µarcsec/yr. These values are indeed very close to those predicted for the baseline mission at V = 17 mag, and are also consistent with the degradation factor of ∼1.4 due to the decrease in the number of observations.
Summary and conclusions
We have shown that the static model in the general relativistic framework of Paper I, can be extended to a fully dynamical implementation.
Of course, these are the initial steps towards a relativistic model which takes into account a more realistic observational setting and therefore more suitable for the reduction of the GAIA data. The results expected for a Hipparcos-like simulation are maintained, with the scale improvement due to better single-measurement errors. Indeed, measurement errors of ∼100 µarcsec, as expected for 17th mag stars, and a mission lifetime comparable to that foreseen for GAIA, result in angular and radial positions, and annual proper motions good to ∼15 µarcsec. This suggests that we do have the mathematical tools for taking into proper account the small relativistic effects within our solar system. Future developments will address more realistic models. These will have to consider all of the relevant gravity fields within the solar system, and appropriate representations of the satellite, i.e., they will have to take into account a more realistic orbit and the extra degrees of freedom which arise from attitude errors and payload parameters.
A final word on the practical implications of this work. The simplified case we have solved can be an important test case for the more realistic treatment under development. The more complex model will have to reproduce the results presented here once the descriptions of the gravitational field and the observer are both reduced to the approximations adopted in this article.
